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ABSTRACT

We study the analytic singularities of viscosity solutions of equations
of eikonal type and obtain that the analytic singular support of these
functions has an analytic stratification. The singular support can be
identified with the cut locus of the distance to the boundary of an open
set, when the interior is equipped with a degenerate Riemannian metric.
We apply the result to elliptic equations as well as to model operators of
Grusin type.

1. Introduction

Let Q C R™ be an open bounded set with real analytic boundary 9Q and let
A(z) be a non-negative n x n matrix with real analytic entries in C¥(Q2). We
consider the solution of the eikonal equation

{ (A(z)Vd(z),Vd(z)) =1, z€Q

(L.1) d(z) =0, z € 0N

where (:,-) denotes the standard Euclidean scalar product and Vd is the gradi-
ent of the function d. Even in the “elliptic” case (i.e. when the matrix A(z) is
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uniformly positive definite), the problem in (1.1) possesses no global differen-
tiable classical solution. Indeed d = 0 is not a solution of (1.1) and at an interior
minimum (maximum) point for d the gradient of d should be 0, however at such
a point equation (1.1) cannot be satisfied in the classical sense.

We adopt the following notion of weak solution introduced by Crandall and
Lions in [6].

Definition 1.1: We say that a continuous function d: @ — R is a viscosity
subsolution of (1.1) if for every ¢ € C'(2), denoting by z € 2 a local maximum
point of d — ¢, we have

(A(x)Vo(z), Vo(z)) < 1.

Analogously, d is a viscosity supersolution of (1.1) if, for every ¢ € C1()
and z a local minimum point of d — ¢, then

(A(z)Ve(z), Vo(z)) > 1.

Finally, we say that d is a viscosity solution if d = 0 on 9 and it is both a
viscosity sub- and supersolution.

If A =1d (the n x n identity matrix) in (1.1), then the viscosity solution of
problem (1.1) is the Euclidean distance function, d(x), from the point = € Q to
the boundary Q. This motivates us to call distance function the viscosity
solution of equation (1.1). Assume z € QN singsupp,, d, where singsupp,, d
denotes the analytic singular support of d (i.e. = ¢ singsupp,, d if and only if d
is real analytic in a suitable neighborhood of z), and let y € 90 be such that
d(z) = |z — y|. Here | -| is the Euclidean norm. One can show that the line
segment v(t) = y+t(zx —y), t > 0, is a minimal geodesic from 99 to = and that
such a geodesic ceases to be minimal at the point x. We say that x belongs
to the cut locus of d in Q. For a class of matrix functions A, we study the
structure of the analytic singular support of d which we call the cut locus of the
function d with respect to the possibly degenerate metric (A(z)¢, &), or, for the
sake of brevity, just the cut locus of d

(1.2) Cut4(Q) := {z € Q| d is not real analytic at z}.

In order to describe our results it is useful to introduce the following second
order partial differential operator associated to the boundary value problem
(1.1)

(1.3) Lu(z) := tr[A(z)V?u(z)] (z € Q),
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where the symbol V?u denotes the Hessian matrix of u and “tr” denotes the
trace.

Our purpose is to show that the cut locus of the function d in (1.1) is an
analytic stratification, provided that L is analytic hypo-elliptic.

In order to clarify the above statement, we recall that a second order operator
L is analytic hypo-elliptic in an open set U if whenever v is a distribution solution
of L= f in U and f € C¥(U) then v is also in C¥(U).

The problem of the analytic hypo-ellipticity of second order differential op-
erators with semi-definite quadratic form and analytic coefficients is one of the
major problems in the theory of linear PDE’s and is far from being understood.
There are though classes of operators for which C¥-hypo-ellipticity has been
proved (see e.g. [19] and [20]).

Finally, loosely speaking, a set admits an analytic stratification if it splits
as the disjoint union of a locally finite family of real analytic manifolds (see
Definition 2.1 below).

Our approach is somewhat indirect. Our goal is to show that the solution to
our problem is actually a subanalytic function. We refer to the paper by Tamm
[17] for the definitions and the main properties of subanalytic functions (see also
Bierstone and Milman [4]). One of the results proved in [17] is that the singular
set of a subanalytic function is a subanalytic set and as such it is an analytic
stratification. Thus the problem of showing that the set (1.2) has an analytic
stratification is reduced to that of showing that the solution of equation (1.1) is
subanalytic (see Theorem 2.1 below).

We point out that, in the case A > 0, the subanalyticity of d is a consequence
of Theorem 3.5.2 of [17]. Sussmann [15] and Agrachev—Gauthier [1] have proved
the subanalyticity of the point-to-point distance associated to a class of sub-
Riemannian vector fields.

We would also like to mention that the problem of the regularity of the dis-
tance to the boundary has been the object of a number of papers, the most
recent of which, [13] and [14], deal with problems closely related to ours. More
specifically Li and Nirenberg in [13] are concerned with the finiteness of the
(n — 1)-dimensional Hausdorff measure for the C*'! analog of our Cut 4(2)—or
ridge set in their terminology. We also would like to say that in [13] a Hamilton—
Jacobi equation is considered which does not contain degenerate sums of squares
of vector fields.

In [14] a 2-dimensional real analytic case is also studied and it is proved that
the cut locus is the union of isolated points and linear graphs. The authors give
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also an example showing that if the boundary of a set is a CY'! convex curve
then the analytic singular support of the Euclidean distance to that curve has
non-zero Lebesgue measure.

In the present paper, we take a purely PDE approach to the problem of the
subanalyticity of the solution of (1.1) for a class of equations including non-sub-
Riemannian sums of squares of vector fields. This implies that the vector fields
we consider may not span a subbundle of the tangent bundle.

Furthermore, we remark that any lifting of our fields to a sub-Riemannian
set might compromise the hypoanalyticity property of the “sum of squares”
operator, thus preventing us from using that technique.

Our main idea is to deduce a suitable representation formula for d. Using such
a formula, the analytic hypo-ellipticity of L and a general result on subanalytic
objects due to Tamm [17], the subanalyticity of the distance function ensues.
This is carried out in Section 2.

In Section 3 we show that our theorem applies to the elliptic case, i.e. when
A > 0. Then in Section 4 we show that our approach also applies to the
degenerate case. For the sake of simplicity, we limit our attention to the case
when L is the Grusin operator, i.e. L = Z;Ll(agj + z?kaz), k > 1 integer (see
Section 4).

2. The basic result

2.1. PRELIMINARIES. We begin by recalling some basic facts on subanalytic
subsets and analytic stratification. We follow Tamm [17] (another account of
these topics is given by Bierstone and Milman [4]).

Definition 2.1: By a stratification of a set S C 2 we mean a locally finite

v
s=Uwv
j=1

for some v € NU {co}, into a disjoint union of connected real analytic subman-
ifolds V; (the strata of S) such that dimV; <n -1 and

decomposition

VinVe#0 = V,CV; and dimV; <dimV; -1

The next result plays a crucial role in our reduction.

THEOREM 2.1: Let Q C R™ be an open bounded connected set with real ana-
Iytic boundary and let v: Q x [0,€,] — R be a continuous function, real analytic
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on 2x]0,e,[. Here ¢, is a positive number. Set

d(z) := min v(z,e) (z€Q).
e€[0,e4]
Then, the set C = {z € Q| d is not real analytic at z} admits an analytic
stratification.

Proof: Let us denote by ¥ = wvjgxjo,c,[ the restriction of v to the open set
1x]0,e.[. Since ¥ is analytic and © is an analytic manifold the graph of ¥ is
a semianalytic set. Now the graph of the function v is the closure in R*t? of
the graph of ¥, and since the closure of a semianalytic set is semianalytic by
Corollary 2.8 in [4], we obtain that the function v is semianalytic. In particular
v is a subanalytic function on Q x [0, ,].

Next we need the following remark of Bierstone and Milman ([4]):

LEMMA 2.1 (see [4], Remark 3.11 (2)): Let M and N be real analytic manifolds
and let X and T be subanalytic sets of M and N, respectively, where T is
compact. If f: X x T — R is a continuous subanalytic function, it follows that

9(z) = min f(z,1)

is a subanalytic function on X.

Using this fact we obtain that d(x) = min.¢p .} v(z,€) is a subanalytic func-
tion on Q. Applying the results of [17] we have that sing supp,, d is a subanalytic
subset of {2 and as such sing supp,, d has an analytic stratification by [10]. |

2.2. AssUMPTIONS. In order to single out the class of operators we deal with,
let us consider the following Dirichlet problem

—eLu+ (AVy,Vu) =1 inQ
2.1 £ ’
(2.1) {u =0 on Jf1.

This is a vanishing viscosity approximation of the eikonal equation (1.1). Here,
Lu(z) = tr[A(z)Vu(z)).

We denote by u(z,e) the solution of the above problem depending on the
small positive parameter e.

In the following we establish a general framework by assuming conditions
(H1)-(H3) below. We stress that (H1)-(H3) have just the role of putting in
evidence what we need our operators to satisfy. Further in this paper we produce
classes of differential operators that satisfy (H1)-(H3).
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(H1) A(z) is a non-negative n x n matrix with real analytic entries defined in
Q.
The assumption (H1) can be rephrased saying that we are working with
elliptic (possibly degenerate) operators.
(H2) There exists £, > 0 such that
(a) For every € € ]0,¢4], the Dirichlet problem (2.1) has a (classical)
solution u(z,€) continuous on (2.
(b) for every a € )0,e,[ and for every zg € (2, we can find a neighborhood
V oof 2o, V CC Q, and a constant C > 0 such that for every (z,¢) €

Vxla, e,
(2.2) 0% u(z,€)| < Clel* ot
for every a = (ay,...,a,) € N® where, as usual, o] =01+ +ay
and
5 — am o
R

Remark 2.1: (H2) is an existence (a) and regularity (b) assumption on the
solutions of the approximating problems (2.1). More precisely, (H2)(b) is an
analytic hypo-ellipticity assumption on the operator L. Indeed, in concrete
problems (see Sections 3 and 4) Condition (2.2) is equivalent to stating that L
is analytic hypo-elliptic.

(H3) There exist , 8 € ]0,1] and ¢ > 0 such that

(2 3) [u] e sup Iu(x,e) - u(y, E)I
. o=

z#y,z,yeR |z -yl
(2.4) Nu(-,e) —u(-,e)|lLo <ce? Ve€l<e <e<e..

<c Ve€l0,e,l,

Remark 2.2: As shown in Proposition 2.2 below, the above estimates imply
the existence of the viscosity solution of equation (1.1).

2.3. REMARKS ON THE ASSUMPTION (H2). It seems to be pretty hard to
check the assumption (H2) in the present form. A useful strategy is to reduce
the problem (2.1) to a linear one. Let us consider the following Dirichlet problem

e2Lf=f inQ,
(25) {f =1 on 9.

We denote by f(z,e) the solution of the above problem depending on the small
positive parameter €.
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PROPOSITION 2.1: Assume (H1), let © be an open bounded set and suppose
that there exists a positive number ¢, such that
(a) For every € € |0,¢.], the Dirichlet problem (2.5) has a (classical) solution
f(z,€) continuous on Q.
(b) For every a € |0,¢[ and for every xo € ), we can find a neighborhood V' of
zg, V CC R, and a constant C > 0 such that for every (z,ec) € Vx]a,e.],

182 f(z, )} < Cleltigl,
(c) There exists a function of class C*, 1, such that
(2.6) (A(z)Vy(z), Vi(x)) #0 Vz € Q.
Then, the assumption (H2) holds.

Proof: Condition (c) above implies that f > 0 in Q. In fact, set

v(z) = @ £ e

where v is the function in (2.6), c is a suitable constant such that ¥y —c¢ < 0 in
and A is a positive constant yet to be determined. Let us consider the minimum
of the function f — v in €. It is clear that, if the minimum value of f — v, m, is
positive then

flz)>v(z)+m>0 Vz e

and we are done. Assume now that m < 0. Let z,,, be one of the points where
this minimum is attained. Since f — vjaq > 0, then necessarily z, € 2. Now,
we have that

f(@m) = v(@m) = 2 Lf(@m) — v(@m),
Vf(zm) = M(2m)V(zm) and

V2 f(xm) > N0(2m) VY (@m) @ Vi (Zm) + M(Zm) Vi (2rm).
Hence,

f(@m) —v(zm) = Esz(xm) — v(Tm)
> v(zm){e2A%¢; + E2Atr[A(Tm) Vi (zm)] — 1}

where

¢1 = min{A(z)Vy(z), Vip(z)) > 0.

e
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Thus it is clear that, taking A large enough, we obtain
{e2X%¢; + A tr[A(zm) Vi (zm)] — 1} > 0,

and hence a contradiction, so that f > 0 in 0. It is then straightforward to
deduce that

(2.7) u(zx,e) = —¢log f(z,€), (x,€) € Q% [0,¢e.]

and the conclusion easily follows. |

2.4. THE AssUMPTION (H3). We consider the equation

{ (A(x)Vd(z),Vd(z)) =1, z€Q,

(28) d(z) =0, z € 00.

The following (existence) result is a straightforward consequence of our
assumptions.

PROPOSITION 2.2: Let @ C R™ be an open bounded set and assume that
(H2)(a) and (H3) hold. Then, there exists a unique viscosity solution d of
the problem (2.8) and

lim sup |d(z) — u(z,€)| = 0.
£=0 €0

Proof: Because of Assumption (H2)(a) we have the existence of the function
u(z,€). Moreover, using the assumption (H3), it is easy to see that the family
of functions {u(:,€)}. is uniformly bounded and continuous. Hence, by the
Arzela—Ascoli Theorem, there exists lim,_,o+ u(x,€), for every z € §). Finally,
the fact that such a limit is the viscosity solution of equation (2.8) is a standard
computation. The uniqueness of the solution to the problem (2.8) is a well-
known result of the theory of viscosity solutions (it suffices to use the Kruzkov
transformation and the standard doubling variables argument). |

2.5. THE MAIN RESULT. The remaining part of this section is devoted to the
proof of the following

THEOREM 2.2: Under the assumptions (H1), (H2) and (H3) let @ C R™ be
an open, bounded set with real analytic boundary. Then, Cut(f) admits an
analytic stratification.

For € € ]0,¢4], we denote by u(z,e) the solution of a vanishing viscosity
approximation of the eikonal equation (2.8)

(2.9) {;e:Lg(w)+<A(z)Vu(x),Vu(x)>=1 ::1 %b |



Vol. 154, 2006 ANALYTIC STRATIFICATIONS AND THE CUT LOCUS 69

PROPOSITION 2.3: Under the assumptions (H1), (H2) and (H3), the solution u
of the boundary value problem (2.9) is real analytic w.r.t. the variables (z,¢€) €
0x]0,¢e4].

Proof: As a consequence of equation (2.7) and the fact that the composition
of real analytic functions is real analytic it suffices to show that the solution of
(2.5) is real analytic. Defining

§=1/¢* and 6, =1/e2

and using once more the fact that the composition of real analytic functions is
real analytic, the proof reduces to showing that the solution v of the following
problem is real analytic w.r.t. § € ]d.,+oo[ (uniformly w.r.t. z)

(2.10) { Lv=4v inf,

v=1 on Jf.
Once more, we emphasize that the solution of (2.10) is non-negative.

It is well known that in order to show that a function is real analytic it suffices
to verify that it is a C* function, it is real analytic with respect to each variable
separately and satisfies uniform estimates on the derivatives. Now, arguing by
induction, let us show that v is of class C'™ with respect to the variables (z, §).

First, we show that v is continuous. We remark that, by the assumption (H3),
v is uniformly (w.r.t. §) bounded. We have that at a maximum point za; of

v(-,0) —v(-,d)

0> Liv(zar,8) — v(ear, 8')] = 6[v(@nr,8) — v(zar, 8)] + (6 — 8")v(zar, )
while at a minimum point

0 < L{t(m,8) — 0(@m, )] = 8[0(@m, 6) — 0(@pm, 8)] + (6 — &' )0(Tm, &),

ie.
d max |v(z,d) — v(z,d")] < C|6 — &'
z€X)
(C > 0 is a constant bigger than the L norm of v), and the continuity of v
follows.
Now, let us show that v € C¥ = v € C**!, Suppose that v € C¥; we have

that
Lofv = 30fv + kd¥ v inQ,
Ofv=0 on Jf).
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Let g be the solution of the problem

Lg=4g+ (k+1)8%v inQ,
g=>0 on 99.

Arguing as for v it is easy to show that g is continuous w.r.t. §. Now, we want
to show that

k _ gk
lim max ,351)(:1:,6 +h) = %v(,9) _ 9(z,8)| = 0.
h—0 zeq h

Set
k _ gk
w(z) = O5v(z,d + h’Z d5v(z,9) _ o(z,9),
and observe that w = 0 on 90 and, in ,
9 "v(z, 8+ h) — 85 "o (x,0)
h

Once more computing w at a maximum and minimum point, using the equation

Lw="{0w+k + 8fv(z,8 + h) — (k + 1)0Fv(z, 8).

(and the induction assumption) we conclude that v € C*+!. Hence, v € C*°.
Now, the proof reduces to showing that the function v is real analytic w.r.t.
& uniformly in z. We use the maximum principle and a result of Bernstein on
real analytic functions of one variable (see [3]).
Arguing by induction it is easy to see that, for every non-negative integer k,

(2.11)  8*v/36* is non-negative for k even and is non-positive for k odd.

Hence, we have a smooth function v with the above sign property of the deriva-
tives and we want to conclude that v is real analytic. We describe the argument
in the case of k even, the case of k odd being completely analogous. Take a and
b such that d, < b < a < 4+00. We want to show that v is real analytic at a.
The Taylor’s formula yields that, for some £ € ]a, ],

k-1 iy . oy
=3 %gy(a)(b oy + OO~ a),

3=0
hence the sign condition (2.11) yields that

1 9F
v(b) 2 5z OB -a)f 20

and using the fact that the odd derivatives are non-negative (so the k derivative
is a decreasing function) we deduce that

o] soom(Ly)"
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That is we get the real analyticity w.r.t. § (uniformly w.r.t. z). This completes
our proof. [ |

Proof of Theorem 2.2: Assumption (H3) (2.4) yields
lu(-e) —u(-e)||p= <c?, 0<e <e<en,
hence taking the linit, as £’ — 0, in the above inequality we obtain
a1 &) = dO)lli= < ce® (e €]0,e.]).

Hence,
d(z) = inf {u(x,e)+c®} (zeq).
e€l0,e.]
Now, in view of Proposition 2.3, u(z,€) + c? is real analytic for (z,¢) €
1x]0,e,[. Moreover, it is a continuous function on  x [0,£,]. Hence, the
conclusion follows by Theorem 2.1. [ |

3. The elliptic case

In this section we show how our abstract result applies to the elliptic case A > 0.
We assumne

H) A(z) is a 7 x n matrix with real analytic entries and, for some ¢ > 0,
(
(3.1) (A(2)6.8) > cl€l? V(z,6) € Ax R™

The following theorem then holds:

THEOREM 3.1: Under assumption (H), let ¢ C R"™ be an open bounded set
with real analytic boundary. Then, Cut 4(Q2) admits an analytic stratification.

Proof: It suffices to show that the assumptions (H1), (H2) and (H3) of
Theorem 2.2 are satisfied and then to apply it to the present situation.

Assumption (H1) is obviously true.

Let us consider (H2)(a). By Proposition 2.1, verifying (H2)(a) is reduced
to verifying the existence of the solution continuous up to the boundary for
the boundary value problem (2.5) and this is a well-known fact of the classical
theory of elliptic boundary value problems (see e.g. [8]).

In the next section we provide a proof that Assumption (H2)(b) holds.
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3.1. ON THE ANALYTICITY OF THE FUNCTION u. In this section we consider

Assumption (H2)(b) concerning the analyticity of u. By Proposition 2.1 it

suffices to show that the solution of (2.5) f satisfies Condition (H2)(b). Asin

the proof of Proposition 2.3, for § € 4., +oo], we consider the solution of
Lv=46v inQ,

(3:1.1) {v =1 on 9.

Hence, (2.2) can be rephrased as follows. For every a > 4, and for every = €

there exist a neighborhood of zg, V C R™, and C > 0 such that, for every

(z,8) € Vx]és,a,

(3.1.2) [8%v(z,8)| < Clel+ o]t

for every o € N™. For this purpose, it suffices to observe that the well-known
proof of the analytic hypo-ellipticity for second order elliptic operators with
analytic coefficients is mainly based on two ingredients:

e the elliptic estimate

lellmz < ClliLellL2 + llell2]

where ¢ is a test function supported on a fixed compact set,
o the estimates of the commutators of L with the derivatives of arbitrary
order of the solution (using suitable localizing functions).
Using these facts one can show that if f is a solution of Lf = g with ¢ real
analytic, for any z¢ there exist r,Cy,Cy > 0 such that
Z max |02 < CiCER!, k=0,1,2,....
laj=k (o)
We point out that the constants depend on the L* norms of the derivatives
(possibly of order 0) of the coefficients of the operator L.
Furthermore, the analytic hypo-ellipticity of the operator L implies the
analytic hypo-ellipticity of L — § for § € ]0.,a[ and (3.1.2) follows.
It remains to show that Assumption (H3) holds.

3.2. L AND LIPSCHITZ ESTIMATES OF THE SOLUTION. We want to show
that there exists C > 0 such that

(3.2.1) sup fu(z,e)] < C Ve €]0,e4].
TEQ

As usual, the above bound follows by comparison with a suitable auxiliary
function. For this purpose, we define

va(z) == @ (2 € Q)
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where £ is a non-zero vector and a is a positive constant yet to be determined.
We claim that there exists a > 0 (independent of €) such that, for every € €

]Oa 5*[7
(3.2.2) u(z,e) S vg(z) Vrel.

We observe that the bound (3.2.1) follows from the above claim and the fact
that u is non-negative. Now, u(x,e) — vg(z) is a continuous function defined
on a compact set. Hence, if its maximum is attained at a boundary point, then
(3.2.2) follows from the fact that u vanishes on 9§ and from the positivity of
Uq. On the other hand, let us assume that the point zy where the maximum
of the function u — v, is attained belongs to 2. We want to show that we can
choose a > 0 (independent of £) such that contradiction ensues. We have

Vu(zo,e) = Vua(zg) and V3u(zg,€) < V3ua(xo).
Hence,
1 = —¢ Lu(zo) + (A(zo)Vu, Vu)
> —eLwvg(x0) + {(A(zo) Vg, Vug)
= (A(20)&, £)[—eva(z0) + va(z0)?]-
Now it is clear that, since L is elliptic by Assumption (3.1), it is possible to

choose a large enough (independent of £) to make the last term of the above
inequality greater than 1 and then (3.2.2) follows.

3.3. (2.3) oF (H3) HOLDS WITH a = 1. Our purpose is to show that there
exists a positive constant Ag, independent of e, such that, for every A > A,

(331) u(x,e) - U(y,E) < AICE - yla

for every z, y € 0. Here u = u(z,¢) is a solution of the boundary value problem
(2.9).

In order to do this, we first remark that if z € 99 then u(z,£) = 0 and, since
u(+,€) > 0 on (, the inequality (3.3.1) holds trivially. Hence we may assume
that (z,y) € 2 x Q, in (3.3.1).

Let r denote a positive number, whose size will be determined later. Set

U, = {(z,y) € A x Q|z — y| <r}.
Let us consider first (z,y) € (2 x Q) \ U,. Then we easily see that

c
u(z,€) — u(y,e) < Zlo - | < Aol — g,
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with an obvious choice of Ag > 0.
Next let us consider OU,. We have

U, = {(z,y) € A x Qllz —y| =r} U {(z,y) € 2 x IQ||z —y| < r}
=A1 UAz.

If (z,y) € A1 we can argue as above and the conclusion easily follows. Assume
(z,y) € Aa. In this case the conclusion is implied by the estimate

u(z,e) < Apdon(z),

where daq denotes the distance from 0Q and « € Q, = {z € Q|dsa(z) <r}. We
emphasize that daq is a smooth function in Q,., if Q is compact and 7 is small
enough. Moreover, we can also suppose (using, for instance, Lemma 14.17 of
[8]) that there exists 11 > 0 such that for every x € Q, and for every eigenvalue A
of V25(x) we have that A < p (i.e. the principal curvatures of 9 are uniformly
bounded).

Let w(z) = A¢dan(z). Then it is easy to see that

{ —etr[A(z)VZiw] + (A(z)Vw, Vw) > 1 in Q,
w(z) > u(z,¢) in 09,

if Ag > 0 is conveniently chosen.

This fact implies that u(-,€) < w in Q,. If this were not true, then there would
exist at least a point z € Q, such that u(z,¢) > w(z). z ¢ 09,, since u < w
there. Hence z € Q,.. This implies that the function u(-,)—w has a maximum in
the interior. Let us denote by zas € Q2 a point where this maximum is attained.
As a consequence Vu(zy,€) = Vw(zp) and V2u(zpr,€) < V2w(zpr), so that
tr(A(z)V?u) < tr(A(z)V?w). But

—etr(A(za)Viu(zar,€)) = 1 — (Alzm)Vulza, €), Vu(zu, €))
=1~ (A(zp)Vw(zm), Vu(zwm))
< —etr(A(znm)Viw(za)),
which yields a contradiction. Hence u(-,¢) < w in Q,, which proves the assertion
in 8U,.

The next step is to prove the assertion in {(z,y) € @ x Qf|lz —y| < r}. We
use a standard computation in the theory of the viscosity solutions. Set

(3.3.2) ve(z) :=1-e®9) e
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We observe that, by (3.2.1), the above function v, is uniformly bounded w.r.t.
£. Now, it is easy to see that if v, is uniformly Lipschitz w.r.t. €, then u inherits
a uniform Lipschitz bound from v.. Indeed, for every z,y, € Q,

(3.3:3) lu(z,€) — u(y,e)| < €ve(z) —ve(y)] Ve €]0,e.],

where C is the constant given in formula (3.2.1). It is easy to see that since u
solves equation (2.9) then v, is the solution of the following Dirichlet problem:

v(z) — eLv(z) + Ii—;(%;(A(x)Vv(z:),Vv(z)) =1, z€q,

(8:3.4) {v(x) =0, x € 9.

We remark that 1 — v, is bounded away from 0 uniformly w.r.t. €, by (3.2.1).
The following part of the proof has been inspired by Ishii and Lions’ proof of a
comparison theorem for solutions of degenerate elliptic equations in [12].

We want to show that there exists a Ag > 0 such that, for every A > Ay and
every € € ]0,e,] (e« < 1),

(3.3.5) ve(z) —ve(y) < Alz —y| for every z,y € Q.
Set
(3.3.6) Pe, (T, y) = ve(z) — ve(y) — AY(z,y), (z,y) €A%,

where A is the Lipschitz constant yet to be determined and
(3.3.7) Y(z,y) =z —yl.

We argue by contradiction. Assume that for every Ay > 0 there are A > Ag and
a point (Z,7) €  x Q, |Z — §| < r, such that

pe,/\('%7 37) > 0.

We emphasize that the point (%, ) also depends on A, even though we do not
explicitly write it. Then p x(z,y) has a maximum in Q x Q. It is evident that
this maximum is not reached on the diagonal, since p, x(z,z) = 0.
Let us consider, for positive A, the point (z¢,y.) € 2 x 2 where the maximum
of pe,» is attained. As we said above, . # y. and both z. and y. depend on .
Hence, we have that, at (z.,y.) € Q x ©,

Vpear =0 and Vzpe,)\ <0.
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The first equation yields

(3.3.8)  Vue(ze) = Ve(Ye) = AVo(Te, Ye) = —AVy (e, ye) = A lie :351,

while the inequality can be rewritten as

(429 T e ge(ys)]<[PP _PP}’

where 0 denotes the n x n null matrix and

A (.’L‘ — ys) ® (376 - ye)
P =2V y(z.,yc) = I = )
o) = =1 ( )

We recall that, if B and U are non-negative (symmetric) matrices, then
tr BU > 0. Hence, taking

B:= [ A(z.) \% A(ze) Vv A(ys)]
- L VA@)VA(=E) A(ye)

and using the inequality (3.3.9), we deduce that

(3.3.10) Lve(ze) — Lve(ye) < (V/A(ze) — V/A(ye))? - P

where A- B := tr AB. We recall the well-known fact that the analytic regularity
(C? is enough) of the components of A(-) yields that z — 4/A(x) is Lipschitz
continuous. Hence, we find that

(3'3'11) (V A(xe - A(ys))2 -P< C)‘lme - yel,

for some constant C independent of . Now, using equations (3.3.4) and (3.3.10)
we obtain that

o) = e(0) + S (A V(o) V)
<198 E(); AWV (e ), V(o ) + o3/ AE) = VAT
Subtracting the term
(1)

1- ’Us(ys) (A(:vE) a:'(/)(il'sa ye), Vxl/i(.’l,‘e, ye»

from both sides of the above inequality we obtain that

(3.3.12) (ve(ze) — ve(ye))
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N (1—¢2)A? . . .
(+ Tt gy e Vo) Vataee)
— )2
< LX) — Ae)[Vat(ze, o), Vab(zerve))

T 1 - ve(ye)

(/AT VAP,
i.e. (using (3.3.11))
(ve(Te) — ve(¥e))

(1 —¢)X? o .
x@+u_%@mu_%@m%_M%M@Me o), (e — 1))
(1—¢)A2 Ao W — .
ST vl = ot 1A ~ Al (e =00), (0 ~02))
+ eCA|ze — el

Hence, using (3.1) and the fact that 1 — v, is uniformly bounded and away from
0 we deduce that
'Ue(xs) - Ue(ye) < Clxa — Yel

for some C > O independent of €. Hence, choosing Ag = C we obtain a
contradiction.

3.4. (2.4) oF (H3) HOLDS WITH 8 = 1/2. We show that the second part of
the assumption (H3) holds with § = 1/2, i.e. there exists ¢ > 0 such that

(3.4.1) sup |u(z,€) — u(z,v)| <c'/?, 0O<v<e<l.
z€efl

We denote by v, the solution of the problem (3.3.4).
By formula (3.3.3), it suffices to find an upper bound for v, — v,. We define

D5(z,y) = ve(@) — v, (y) — |z - y|°/26, (z,9) €A X,

where ¢ is a positive constant yet to be determined. Since ®;5 is a continuous
function on a compact set there exists (zo,yo) € Q x € such that

max ®5 = ®5(zo, yo)-
OxQ

Moreover, we have that
Ve (40) — vu(y0) < @5(20,%0) = ve(mo) — vy (o) — |0 — yo|*/20
and, using the Lipschitz continuity of v, we deduce that

lzo — y0|?/26 < Clzo — yo
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for some C > 0, i.e.
(3.4.2) |zo — yo| < 26C.
Now, we observe that if 2o € 9 then
(3.4.3) ve(z) — v (z) < ®s(w0,90) <0 Vz €Q.
Moreover, if g € Q and yy € 09 then
ve(yo) — vy (%0) < @s5(z0,50) = ve(0) — vy (%0) — |zo — w0|*/26,
hence using once more the Lipschitz continuity of v and (3.4.2) we obtain that

(3.4.4) ve(x) — v (x) < B5(20,%0) < velwo) — vu (o)
o < Clzo — yo| € 26C* Vzeq.

We are left with the case when (zg,y0) € Q x 2. Using the fact that (zg,yo) is
an “interior” maximum point for the function

(@,9) = ve(w) ~ vu(y) — |z~ y|?/26

we obtain that
Vvs(-’to) = vvu(yO) = 6(1:0 - yO)

and
—V2u,(y0), Ve (o) < 6711
Hence,
(3:45)  ve(z0) = 5 tAlz0)] + gy s (A(E0) (@0 — o), (70~ 10) < 1

and

(3.4.6) v, (o) + %tr[A(yo)]-l-(s2 (A(yo)(@o — o), (xo — 30)) = 1.

1-v
(1= v,(%0))
Hence, from (3.4.5) and (3.4.6) we obtain that

ve(zo) — vu(yo0) 56 _:S- v max{tr A(zo), tr A(yo)}

E—V
+ m(fl(yo)(ﬂfo — 90), (To — o))

(1 — &) (vu (30) — ve(0))
62(1 = vy (y0))(1 = ve(x0))

+ mqf“ye) — A(@o))(zo — yo)-(zo — vo))-

(A(yo)(zo — 10)), (o — ¥o))
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Thus

(ve(wo) — v (¥0))

X (1 + 82(1 - vu((ylo)—)(gl) — ve(Z0)) S yo)))
SE _g v max{tr A(zo), tr A(yo)}
E—-V
+ A 0 () VA0 (@0 — 30), (20 — yo))
4 ([A(g0) ~ Ale0)] (@0 — o), (20 — o).

02(1 — v.(zo))
Since the only interesting case in the above estimate is when ve(2¢)— vy (yo) > 0,
we obtain

etv

]

Ue(ﬁb‘o) - Uu(yO) < In&X{tI‘A(:L‘O), trA(yO)}

+ 520 ooy A0 @0 — 40), (30 — 10)
T ([Awo) ~ Azo)](zo — 1), (%0 — 30)).

82(1 — ve(=0))
Then, taking § = €!/2 we conclude that

Ve(zo) — vu{yo) < Cel/l?
for some C > 0. The above inequality, (3.4.3) and (3.4.4) yield that
ve(z) — vy (z) < CeM? vz el

Using the same argument and interchanging the roles of v. and v,, we conclude
that

”UE - Uu“oo < Cel/2,

This completes the proof of Theorem 3.1. ]

4. A degenerate case: The Grusin operator

In this section our purpose is to apply the basic theorem to an operator of
Grusin type. We use the following notation

z=(z',z"), 2’ =(',...,z
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and for the sake of simplicity we denote by |-| both the standard Euclidean norm
in R™ and the absolute value of scalars in R; moreover we define, for k € N,

n—1
koL Z(mj)%:‘
i=1
Let us consider the matrix

wen=[f )

k being the above integer, where I is the (n—1) X (n—1) identity matrix. Then,
the eikonal equation is

(4.1) {E (09 d(@))? + (2|2 (Dpmd(2)2 = 1, TEQ,

d(z) =0, z € 0N,
Set
n—1
(4.2) Z 5+ (29)2%02.) = Ay + [2']350%.

We recall that the boundary 952 is non-characteristic (for the operator L) if and
only if, for every z € 99,

n—1

> @)+ RN @) £ 0,

j=1
where v(z) = (v!(z),...,v™(z)) is a unit normal vector to 9Q at x. The
following result holds.

THEOREM 4.1: Let Q C R® be an open bounded set with real analytic non-
characteristic boundary. Then, Cut4(f)) admits an analytic stratification.

Proof: The assumption (H1) is trivially satisfied. (H2)(a) holds. Indeed, the
existence of a classical solution (continuous up to the boundary) to the problem
(2.5) can be proved arguing as Bony in [5] and using Proposition 2.1.

In the next section we provide a proof that Assumption (H2)(b) holds.

4.1. THE ANALYTIC HYPO-ELLIPTICITY OF THE OPERATOR L. In this section
we prove that the operator (4.2) is analytic hypo-elliptic. We have
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THEOREM 4.1.1: Let
(4.1.1) L(z,D) = |D'|* + ['[3* D2,

where D;j = (—1)"'/20/827 and D' = (Ds,...,Dn-1), so that |D'|> = —A,.
Let us consider the equation

(4.1.2) L(z,D)u = f,

where f € C¥(U), U being a neighborhood of the origin in R™. Then u is real
analytic in U.

Proof: The proof is basically an estimate of the derivatives of u in a neighbor-
hood of the origin.

Let us denote by ¢ a cut-off function identically equal to one in a neighborhood
of the origin in R™. Due to the special form of our coordinates and the fact that
the characteristic manifold is symplectic, we may assume that ¢ is independent
of the variable z': in fact we may always take ¢ as a product of n such cut-off
functions each depending on a single coordinate, z7, and every z’-derivative
landing on ¢(27), j = 1,...,m — 1, would leave a cut-off supported in a region
where 77 is bounded away from zero, hence in a region where the operator is
(uniformly, microlocally) elliptic.

Thus we take p(z) = ¢(z™). Here g is assumed to be a function of Ehrenpreis—
Hormander type (see e.g. [7], [11]), i.e. denoting by U our neighborhood of the
origin. Then ¢ has the following property: for any U compactly contained in
U, and for any fixed r € N, we choose ¢ = ¢, € C§°(U), ¢ =1 on U and such
that, with a universal constant (i.e. depending only on the dimension of the
Euclidean space in which we work) Cy,

Co

k+1
——~-) r* for k < 3r.
dist(U, U¢)

p® ()] < (
Let us denote
Xj=Dg, Yj=@)kdm, j=1,...,n-1

Then

n—1
(4.1.3) L(z,D) = Z X2 +YP).
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It is a well-known fact that the operator L in (4.1.3) is C°°-hypo-elliptic and
satisfies an a priori estimate of the form

n—1
(4.1.4) Do UXull® + 1Yull®) + el ) < CULw,w)] + Jull?),

j=1
where u is a rapidly decreasing smooth function, | - ||s denotes the usual Sobolev
norm of order s and || - || = || - |lo is the L? norm.

We want to obtain a bound for an expression of the form
(4.15) IX;0@)Dhull or [[Yp(e™)Dyul

where, since we are in a microlocal neighborhood of the point (0,e,), D, is an

elliptic operator. It is well known that obtaining a bound for the quantities

in (4.1.5) of the type [ Xjp(z™)Dhul| < CTt'r! allows us to deduce that L is

(micro)analytic hypo-elliptic, so that the solution u of (4.1.2) is real analytic.
Let us examine first the quantity

150z D
Using the a priori inequality (4.1.4) we have
[X;0(z™) Dyul|® < [{Lp(z™) Dyu, p(z™) Dyu)| + ||p(a™) Dpul®.

Let us consider the scalar product on the r.h.s. of the above formula. We can
write

{Lo(z") Dy, o(a™) Dpu)| <|(¢(z" Dy, Lu, p(z") Dpul)|
+ [([L,(z") Dplu, o(z"™) D).

The first term above involves Lu, which by assumption is real analytic and has
thus the right estimates modulo the use of the Cauchy-Schwartz inequality and
reabsorbing on the left the r.h.s. term in the scalar product. We are then left
with the commutator term. We have

n—1

[L,eD5] = Y (Y;[¥;,9D;] + [V, 0 D7),
i=1

because the fields X; commute with ¢ D7,. Moreover,

[Y;,¢D}] = (¢7)*¢' D},
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Hence we have

[{[Lyp(x™) Dy Ju, (™) Dy u)|

"
i o Dius D] + ()4 DYy, D).

Let us consider a generic term in the first sum above. Since Y} is self-adjoint we
may bring Y; to the right and, using the Cauchy-Schwartz inequality, we are
reduced to estimating [[(27)*¢’ DL ul|. Now
r
¢'Dhu =Y (~1) " Dppl® D u + (—1)T ),
£=1

where ) = D¢, whence

T
(7)o Dyull < 37 1129+ Do ® Di~tu] + (a7

(4.1.6) =1

T
= Y IVe @Dyl + (a7
=1
Summarizing, we started off estimating || X¢Dlul| and we wind up with
Y@ Dr—£y|| where £ > 1. Iterating, we see easily that we obtain a num-
ber of terms similar to the last in (4.1.6). Furthermore, the number of those
terms is bounded by C", where C is a positive constant. This yields analytic
estimates, due to the definition of ¢.

Let us now consider the term |{(z7)k¢’ D" Y;u, o Dlu}|. The power (z;)* can
harmlessly go to the right of the scalar product. Thus if we pull an z,,-derivative
in front of the right factor of the scalar product, we obtain the same estimate
as above. The only difficulty in pulling a derivative in front is the commutation
with ¢'. This is achieved in a way analogous to the above.

Estimating terms of the form ||Y;p D] u|| is completely analogous. Hence we

obtain
n—1

(41.7) Y _(iX;9Dpull + [YjoDpul)) < €T+,
j=1

which ends the proof of Theorem 4.1.1. |

Remark 4.1.1: Condition (H2)(Db) is a direct consequence of the above proof.

In what follows we prove that Assumption (H3) holds for L.
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We would like to explicitly point out that the proof of the Lipschitz estimates
are carried out along the same lines of the corresponding proofs in the elliptic
case. Since, however, the degeneracy of the principal symbol plays a crucial role
and forces us to modify the argument in this instance, we deemed it useful to
include the whole argument.

4.2. THE L* ESTIMATE. The L*™ estimate for u follows arguing as in the
proof of formula (3.2.1) in Theorem 3.1, choosing £ equal to the unit vector
(1,0,...,0). Hence, also the solutions of the problem (3.3.4), v, satisfy a uni-
form L estimate.

4.3. (2.3) oF (H3) HOLDS WITH oo =1. 'We want to show that there exists a
positive constant Ag, independent of ¢, such that, for every A > Ay,

(4.3.1) u(z,e) —ul(y,e) < Ajlr -y,

for every z, y € Q. Here u = u(z,€) is a solution of the boundary value problem
(2.9).

In order to do this, we first remark that if z € dQ then u(z,€) = 0 and, since
u(-,€) > 0 on Q, the inequality (4.3.1) holds trivially. Hence we may assume
that (z,y) € @ x Q, in (4.3.1).

Let r denote a positive number, whose size will be determined later. Set

Ur ={(z,y) € 2 x Q|lxr —y| < r}.
Let us consider first (x,y) € (Q x Q) \ U,. Then we easily see that
C
u(w,e) - u(y7 €) < 7'37 - yt < AOI:I; - yl’

with an obvious choice of Ag > 0.
Next let us consider 9U,.. We have

U, = {(z,y) € Ox Qlz —y| =r} U {(z,y) € 2 x 8QY|z — y| < r}
= A; U A,.

If (z,y) € A1 we can argue as above and the conclusion easily follows. Assume
(z,y) € Az. In this case the conclusion is implied by the estimate

u(a:, E) S Aodag (:E),

where daq denotes the distance from 8Q and z € Q. = {z € Q|daa(z) < r}. We
emphasize that dpq is a smooth function in €2, if Q1 is compact and r is small
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enough. Moreover, we can also suppose (using, for instance, Lemma 14.17 of
[8]) that there exists p > 0 such that

(4.3.2) Vz € Q, VYA eigenvalue of Vidpq(z), A< p

(i.e. the principal curvatures of 9 are uniformly bounded).
We claim that there exists ¢ > 0 such that, for r > 0 small enough,

(4.3.3) (A(z)Vdaa(z), Vdsa(z)) > ¢ Vz € Q.

We prove the above claim arguing by contradiction. Let us assume that there
exists a sequence x; € {1 converging to a boundary point T € 92 such that

(4.3.4) Jim (A(2;)Vdan(s,), Vdan(z;)) = 0.

Then, the first n — 1 components of Vdaq(z;) converge to 0 (as j — o0).
Moreover, using the fact that |Vdaq(z;)| = 1, we deduce that

'lim Iazndaﬂ(xj” =1
j—oo
and, using (4.3.4), we conclude that

lim x; =0.
j—oo

Thus we obtain
(A(@)v(Z),v(Z)) = 0,

where v(Z) denotes the normal to 9Q at z. This is a contradiction.
Let w(z) = Aodon{z). Then

(4.3.5) {—str[A(wWZwJ + (A2)Vw, Vu) > 1 in O,

w(zx) > u(z,e) in 0Q,,

if Ag > 0 is conveniently chosen. Indeed, in .,

—etr[A(z) V?w] + (A(z)Vw, Vw) = —eAg tr[A(z)V2daq] + AZ(A(2)Vdsq, Vdaa)
> —eMgcy + A(Q,c

for some c¢; > 0 depending on the operator L and on the bound of the boundary
curvature, 4, in (4.3.2), since in the last inequality above (4.3.2) and (4.3.3)
have been used.

Hence, it is clear that taking A large enough (uniformly w.r.t. €) we have
—eMgc; + Adc > 1 and (4.3.5) follows. This fact implies that u(,¢) < w in
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.. If this were not true, then there would exist at least a point z € Q, such
that u(z,e) > w(z). Also z & 9Q,, since u < w there. Hence z € ,. This
implies that the function u(:,€) — w has a maximum in the interior. Let us
denote by xps € Q. a point where this maximum is attained. As a consequence
Vu(zum,e) = Vw(zpy) and V3u(zar,e) < V2w(zy), so that tr(A(z)V2y) <
tr(A(z)VZw). But

—etr(A(za)V3u(za,€)) = 1 — (A(xa)Vulzar, €), Vu(zar, €))
=1— (A(zm)Vw(zm), Vu(zm))
< —etr(A(zy)VZiw(zar)),
which yields a contradiction. Hence u(-,£) < w in Q,, which proves the assertion
in 8U,.
The next step is to prove the assertion in {(z,y) € @ x Q|| — y| < r}. Set

(4.3.6) ve(z) :=1—e @) e

We observe that, by (3.2.1), the above function v, is uniformly bounded w.r.t.
€. Now, it is easy to see that if v, is uniformly Lipschitz w.r.t. £, then u inherits
a uniform Lipschitz bound from v,. Indeed, for every z,y, € Q,

(4.3.7) lu(z, ) — u(y,€)| < elve(x) —ve(y)] Ve €104,

where C is the constant given in formula (3.2.1). It is easy to see that since u
solves equation (2.9), then v, is the solution of the following Dirichlet problem:

(4.3.8) {v(:c) —eLlv(z) + 255 (A(@)Vo(2), Vo(z)) =1, z€Q,
v(z) =0, x € 6Q.
We remark that 1 — v, is bounded away from 0 uniformly w.r.t. €, by the L*™
estimate.
We want to show that there exists a Ag > 0 such that, for every A > Ay and
every € € 10,¢*] (e* < 1),

(4.3.9) ve(z) —ve(y) < Ajx —y| for every z,y € Q.
Set
(4310) pc‘,L(mvy) = UE(x) - Ue(y) - Ad)(x,y)a (1" y) €0 x Q»

where A is the Lipschitz constant yet to be determined and

(4.3.11) Y(z,y) = |z —yl.
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We argue by contradiction. Assume that for every Ag > 0 there are A > A¢ and
a point (Z,7) € 2 x Q, |Z — §| < r, such that

De X (577 3}) > 0.

We emphasize that the point (Z, 7) also depends on A, even though we do not
explicitly write it. Then p. x(z,y) has a maximum in Q x Q. It is evident that
this maximum is not reached on the diagonal, since p, »(z,z) = 0.
Let us consider, for positive A, the point (z.,y.) € Q2 x 2 where the maximum
of p. » is attained. As we said above z. # y., and both z. and y. depend on A.
Hence we have that, at (z¢,y:) € @ x Q,

Vpesr =0 and Vzpey,\ <0.

The first equation yields

Te — Ye

(4.3.12) Vve(ze) = Ve (ye) = AVath(2e, ye) = —AVy9(ze, %) = /\——|$ .

?

while the inequality can be rewritten as

V2, (z.) 0 P -P
(4.3.13) ° v | S|P P |
where 0 denotes the n x n null matrix and
A (Te = ye) ® (we — ¥e)
P= /\Vﬁ Ze, = I- .
W) = o= )

Using the inequality (4.3.13) we deduce

(4.3.14) Lve(ze) — Lve(ye) < (VA(ze) — VA(we))? - P

and we find that

(4.3.15) (VA@) - VA[W))? - P < C’ﬁ([m;]’,ﬁ AP

for some constant C independent of €. Now, using equations (4.3.8) and (4.3.14)
we obtain that

() = 0] + T () Vi), Vb )
< M(A(yts)V:I:")["(:Es,ys), wa(xsays» + 5( V A(xe) -V A(ys))2 - P.

1 —ve(ye)
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Subtracting the term

(1 —¢e)A?
1 — ve(ze)

<A(y5)VZ¢($E) y€)7 Vz'l/’(ms’ ys))
from both sides of the above inequality we obtain
(4.3.16) (ve(ze) — ve(ye))

(1)
(o a—muma—%@n“@”%“%ﬂ*vwwﬂﬁﬂ

(1 () e) ([ (ys) = A(xs)]vz"»b(xﬂye)’ Vz'l/l(.'l)g, ye»

+€ \/ xe - VA(ye))z P,

i.e. (using (4.3.15))

(43.17)  (ve(ze) — ve(we))

8 ( (1 - Ue -'L'e )8 :ZZ?ye)”xe |2 <A(ys)($6 h yE)’ (.’L‘e B ys»)
_ 2
< (1 E))\ ([A(ys) - A(we)](xs ~ Ye) (e — ys)>

(1 — ve(ze))|ze — yel?

t+eC fwmﬂ—ww.

|ze
To estimate ve(z.) — ve(yc) two cases may occur:

CASE 1:

(4.3.18) [Wilk > [tk

(i.e. A(ye) — A(ze) > 0). In this case, using inequality (4.3.17), the fact that
1 — v, is uniformly bounded and away from 0 and that X is large, the estimate
of ve(z:) — ve(ye ) reduces to estimating the behavior of the following two terms:

([A(ye) — Aze))(Te — e ), (Te — ¥e))
(A(Ye)(@e = Ye), (Te — Ye))

0=

and

(II) — Ele _ yil([xir}’lg _ [yé]£)2 .
(A(ya)(xe - ye), (xe - ys)>
For the sake of brevity in what follows we omit to write the subscript €. We
have

(W1~ ") (@n = yn)?
B Y I =
(4 3 19) ( ) Z]n;ll(xj _ y]_)2 + [yl]ik(zn - yn)2
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(15" = [="1F) (@n — yn)®

<
ST (s — 42yl — vl

so that
(@0 —yn)* 521 (57" —22)
—ynl\/E}Zl (25 —ui)2y/ o) w2
ynl\/Z] 21 (yj — x5) \/f}l;f(kaoly?k 1igh)?
\/Zj=1 (z5 - yJ)z\/E;l 113/;%
— yaly/ S (2 2
YD

< cnklxn - ynl[yl]k

@<

for some positive c,x depending only on the dimension n and the order k.

Moreover,
y] \/z] =1 ‘7" —y])2 _
an < NI 2" T— <OV —l,
i=1 =Y

for some C depending only on k and 2.

The other possibility which might occur is

CASE 2:
(4.3.20) APRQEAN
(i.e. A(ye) — A(ze) <0). Using the inequality (4.3.17), we obtain that

Ve(Te) — ve(ye)

(1-¢e)A? B 3 -
< (1 T e = 40 30 o =)
. ecﬁm;m - LIk

and the estimate of ve(z¢) — ve(y:) reduces to
ele — y| 02, (ak — k)2 _ eyl Yorsi (k- k)2
1 S Y-
P Y O LD W CRMIE

S CI.T,‘ - yl’
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for some ¢ independent of ¢.
Hence in both the cases, we deduce that

Ve(e) ~ Ve(¥e) < Clze — ye

for some C > 0 independent of . Thus, choosing Ay = C, we obtain a

contradiction.
Finally, arguing as in Section 3.3, we find that (2.4) of (H3) holds with
B =1/2. This completes the proof of Theorem 4.1. |
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